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MOQT CACH THIET LAP HAM GREEN CHO PHUONG TRINH BLACK-SCHOLES

Tran Thé Anh
Khoa Sw pham, Truwdng Pai hoec Khanh Hoa
Tém tit: Bai viét nay gi6i thiéu mot cdach thiét ldp phwong trinh Black- Scholes va cdch xdy dung ham Green cho
phuwong trinh Black- Scholes trong mét sé diéu kién bién khdc nhau. Phiong trinh Black - Scholes trong bai viét nay dwoc
thiét lgp tir viéc xem xét mot qud trinh ngdu nhién trong tai chinh la gia quyén chon kiéu Chdu Au.

Tir khod: céch thiét Ip, ham GREEN, phwong trinh BLACK-SCHOLES

AMETHOD FOR CONSTRUCTING THE GREEN’S FUNCTION
FOR THE BLACK-SCHOLES EQUATION

Abstract: This paper presents a method for formulating the Black—Scholes equation and constructing the Green's
function for the Black—Scholes equation under various boundary conditions. The Black—Scholes equation considered in
this study is derived by examining a stochastic process in finance, namely the pricing of European-style options. The
proposed approach provides a mathematical framework for analyzing and solving the Black—Scholes equation through
Green's function techniques.
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I. GIOI THIEU

Phuong phédp ham Green & mdt phuong
phap c¢6 nhiéu tng dung dé giai mot sé phuong
trinh dao ham riéng. Y tuong chinh ctia phuong
phap 1a khong giai truc tiép phuong trinh ma
tim nghiém cua mdt phuong trinh khac tuong
mg r6i biéu dién nghiém can tim théng qua
nghiém do.

Mo hinh Black- Scholes 1a mo6 hinh &p dung
trong linh vuc tai chinh duoc F. Black va M.
Scholes dua ra nam 1973 rén co s¢ phép tinh
ngau nhién (stochastic calculus), sau d6 R. C.
Merton bo sung va tng dung. Ciing vi vdy ma
nhiéu tai lidu goi phuong trinh Black - Scholes
la phuong trinh Black - Scholes - Merton. Ngoai
viéc dinh gia quyén chon (option), cac phai sinh
tai chinh nhu: hop déng ki han (forward contract),
hop dong tuong lai (futures contrac), hoan do6i
(swap), .., md hinh Black - Scholes con c6 thé img
dung trong mat s6 linh vuc tai chinh khac nhu:
bao hiém rui ro, dinh gia tai san .... Nho su ap
dung hi¢u qua cua md6 hinh Black - Scholes trong
thi truong tai chinh ma M. Scholes va R.C.Merton
da duoc trao giai Nobel kinh té nim 1997 (khi d6
F.Black di mat).

Thiét 1ap ham Green cho phwong trinh Black -
Schloes 1a mot cach tiép can phuong trinh Black
-Schloes hiéu qua va c6 thé ap dung giai quyét
mot sé van dé trong ky thuat tai chinh.
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II. XAY DUNG PHUONG TRINH BLACK-
SCHLOES

2.1. So luge vé thi trudng quyén chon

Quyén chon (option) 1a mdt loai ching khoan
phai sinh cho phép ngudi s& hitu nd c¢6 quyén
(nhung khong bit budc) dugc mua hay ban mot
tai san (tai san co sd) tai mot muc gid xac dinh
(strike price) vao mdt ngay xac dinh trong tuong
lai ngay tai thoi diém thoa thuan hop dong .

C6 2 loai quyén chon 1a quyén chon mua va
quyén chon ban. Quyén chon mua (call option)
cho phép nguoi s¢ hitu nd duge quyén mua mot
tai san vao mdt ngay xac dinh va tai mot muac gia
xac dinh. Quyén chon ban (put option) cho phép
ngudi s hitu n6 duge quyén ban mot tai san vao
mot ngay xac dinh va tai mot muc gia xac dinh.

Quyén chon, du 1 quyén chon mua hay quyén
chon ban, c¢6 hai kiéu quyén chon: kiéu Chau Au
(European option - chi dugc thyc hién quyén
vao ngdy dao han), hodc quyén chon kiéu My
(American option - cho phép thuc hién quyén bét
ky lac nao trong ky han cta quyén). Thoi diém
xac dinh trong tuong lai goi la ngay ddo han
(maturity/expiration day).

Thi truong quyén chon duoc chinh thirc giao
dich tap trung vao nam 1973, khi thi truong giao
dich hang hoa Chicago (Chicago Board of Trade)
thanh 1ap mot bd phan giao dich quyén chon
(Chicago Board Option Exchange). Nam 1975,
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S& giao dich ¢6 phiéu Hoa Ky (American Stock
Exchange), va S& giao dich c6 phiéu Philadelphia
(Philadelphia Stock Exchange) bit dau giao
dich quyén chon. S& giao dich Pacific (Pacific
Exchange) ciing bt dau giao dich quyén chon vao
nam 1976. Bude sang thap nién 1980, quyén chon
phat trién manh & nhiéu nude trén thé giéi. Cong
cu quyén chon dugc md rong cho rat nhiéu tai san
CO sO.

2.2. Xay dung phuong trinh Black- Scholes

Trong muc nay chung ta xdy dung phuong
trinh Black- Scholes dya trén mdt qua trinh ngau
nhién 13 gia quyén chon. Danh muc dau tur c6 gia
tri ban dau 14 $ X(0) $, tai thoi diém $t$ co gia tri
1a $X(1)$. Gia st tai thoi diém $t$ chi dau tu vao
c6 phiéu $S(t) $ (tai san co s6) va dau tu vao thi
truong tién t& dé huong 1ai suat co ban $r $ (1ai
suat phi rui ro, 1i suat trai phiéu chinh phu).

Gi4 tai san co sé cia nha dau tu, S(f), tuin
theo chuyén dong Brownian hinh hoc

dS(t)y=aS@t)dt+oS(t)dw (1),

a,o lan luot 13 hé s6 kéo theo (drift) va hé sd
bién dong (volatility).

Gia sir tai thoi diém T nay, nha du tu c6  ¢d
phiéu ( A(¢) thich nghi bo loc cta chuyén dong
Brownian W (t),t>0 ). Vi phan dX(¢) cho gia
tri danh muc dau tu tai thoi diém $ t $ ¢6 hai phén,
phan tht nhat 1 A(f)dS(¢) 1a gia co phiéu, phan
thirhaila »(X(2)—A(¢)S(¢)) la gia tri thu dugc tur
141 suét co ban. Do d6

X (6) = N0V (0)+ (X (1)~ ) S0))de =X (0t + A0 -
Chiét khau gia c6 phiéu 1a e™S(r) va chiét

1)S(0)dt+ A )aS (1) (¢).

khau gi tri danh muyc dau tu 1a e "X (¢) .
Ap dung cong thirc Itd - Doeblin cho ham

f(t,x)=e"x taco:
d(eS(0) = (a—r)e " S(t)dt + e " S(1)dW (t),

Véd(e”"X(t)) = A (@ —r)e " S(0)dt + A@D)ae™ S@)dW (t) = A@)d (e 7' S(@)).
Xét mot quyen chon kiéu Chau Au c6 gia l1a

(S(T)-K)" tai thoi diém T, K 1a gia thyc thi.
Gia quyén chon mua tai thoi diém t 1a  v(z,x)
phu thudc vao gia tai san co s¢ S(¢) ung véi
S()=x . Khi do v(¢,S(¢t)) 1a mot qua trinh
ngau nhién. Tai thoi diém dau chung ta khong

biét gid cua cd phiéu trong tuong lai S(f) va
do d6 khong biét dugc gia cua quyén chon mua
v(t,S(¢)) trong twong lai. Chung ta can tim mdi
lién hé quyén chon mua trong twong lai va gia ctia
cb phiéu trong tuong lai.

Str dung cong thure 1t6 - Doeblin cho v(z, S(¢))
ta co

d((1,80)) =, S(t))+avx(t,S(t))S(t)+%vxx(t,S(t))02Sz(t)]dt+aS(t)vX(t,S(t))dW(t).

Vi vy dé tim dugc gia quyén chon mua ta
can tim mot ham lién tuc v(z,x) 1a nghiém cua
phuong trinh Black - Scholes

1
v,(t,x)+rxv (¢,x)+ 5 o’S*(t)v (t,x) = r(t,x),Vt €[0,T),x >0,
Gia cua quyén chon 1a nghiém cua bai toan:

v,(t,x)) +rxv (t,x) +%0'2S2(t)vn (t,x)=rv(t,x),Vt €[0,T),x 20,
v(T,x)=(x-K)",

v(t,0)=0,Vt €[0,T1],
lim{y(t,x) - (x—e " "K)} =0,¥1 €[0,T].
2.3 Cong thirc Black- Scholes trong dinh gia
quyen chon
Theo mo hinh Black — Scholes nghiém cua bai
toan 1a cong thic ding dé tinh gid quyén chon
cd phiéu (trong phan sau chung ta s& dung ham
Green dé giai nghiém bai toan nay).
wW(t,x) = xN(d (T —t,x)) - Ke " ""N(d (T -1,x)),0<t < T, x>0,
trong do
><T n]

d.(T-t,x)= In—+ +Z
(T —1,%) [”K (r+

o~NT —
va N 1a ham tich liiy ctia phan phdi chuan

ezd— ezdx

1
NG)=7— [ F [
III. XAY DUNG HAM GREEN CHO
PHUONG TINH BLACK-SCHOLES
Xay dung ham Green cho phuong trinh Black-
Scholes véi cac diéu kién bién bi chin
v(S,T)= f(S),|v(0,?)|< o,| v(o0,t) |< ©
Trong phan nay, dé pht hop voi quy udc quen
thude cua linh vuc phuong trinh dao ham riéng,
ta s€ ky hiéu v(S,¢) thay cho ky hi¢u v(¢£,S) ¢
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phan truée. Chiing ta s& xay dung ham Green cho
phuong trinh Black- Scholes dang

ov(S,t) N o°S* 0*v(S,1) LS ov(S,1)
ot 2 as? as
v6i diéu kién cudi va diéu kién bién 1a
v(S,T) = f(S)
|v(0,f)[<o  va |v(oo,¢)|< 0.
Trong do S va t tuong Umg 1a gia cua tai san co
sO (co phiéu) tai thoi diém t va thoa man diéu kién

r(S,t) =0,

0<S<wo;T>t>—0, v=v(S,t) la giad cia cac
san pham phai sinh (quyén chon), $ v=v (S, t) $
la mot ham kha vi tron theo Svat. f(S) la ham
biéu thi gia cta san pham phai sinh tai thoi diém
daohan T

2

Pitx=InS |, r=%(T-t), u(x,7)=v(S, t).

Thay vao phuong trinh, bién doi ta c¢6

ou(x,7) %u(x,7) N ou(x,7) (E—l)—gu(x 7
or o ox o’ o
bit c=2r/0c” ,tacd
2
ou(x,7) _ 0 u()i, 7) Fe-1) ou(x,7) _eu(x.7)
ot ox X
Tr  didu  kién  $S,t$  théa  main
0<S<omw,—0<t<T suy ra x va r trong \

eqref{eS} théaman —owo < x<00,0<7 <00 .Dodd
bai toan tim ham Green cho phuong trinh dao ham
riéng \eqref{el}, voi diéu kién cudi \eqref{e2} va
diéu kién bién \eqref{e3} tr& thanh bai toan tim
ham Green cho phuong trinh \eqref{e5} véi diéu
kién dau va diéu kién bién 1a
u(x,0)= f(e),
|u(—o0,7)|< 0, |u(w,7)|< 0.

Ap dung phép bién dbi Laplace cho phuong

trinh ta c6

—cL{u(x,7)}.

O’ L{u(x,7)} 3
e +(c-1)

sL{u(x,7)}—u(x,0) = aL{”a(xs )}
x

Thay u(x,0)= f(e") ta dugc phuong trinh

d’U(x;s) . dU (x;s)

(c-1) —(s+a)U(x;8)=—f(e").

2
fat khac tir suy &
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|U(—00;5) <0, [U(;s)]< 0.
Dit
1-c 1+¢
05:7» 'B:(T)z’ W=(S+,3)1/2,

Nghiém phuong trinh ¢6 dang
U(x, S) = A(X;S)e(aurw)x + B(X, S)e(a—w)x’

voi A(x,s),B(x,s) thoa man hé

(UI(X,S) UZ(x’S)j A,(X;S) _( 0 ]
Ui(xs) Uy (n9) )\ B (535)) \=f(e")
Trongd6 U, (x;s) = " va U, (x;5) = e'“ ™.

Suy ra
Axs) = || e f(eh)dg+ M(s),\B(x;s) = ij" e f(e)dE+ N(s),
20°= 20°>

v6i M (s),N(s) 1a cac hing s6 theo x
Thay A(x,s),B(x,s) taco:

U(x;5)= zi || e e — e | f(ef)dE + M (s)e“ ™ + N(s)e™ .
P
Bién doi dan dén

© e et o
U(x;s) = L}T Wl f (e )dE.

Vi vay ham Green cho phuong trinh (1) thoa
cac diéu kién (2), (3) 1a

S .2
2 [In()]
1 ain(S)-po(1-1)- T
e .
S'2zc* (T -1)]"
*Sir dung ham Green dé giai nghiém phuwong
trinh Black-Scholes
Diéu kién cudi ta lay f(S)=(S—-K)* , khi d6
diéu kién cudi ia diéu kién trong bai toan.
Theo cach biéu dién nghiém ctia ham Green
ta co:

G(S,58") =

v(S.0) = [ G(S.:8)/(S")

s
[ln(§)+(r—02/2)(T—t)]2
26%(T-t)

e T

©

=], ST (T -]

(S'-K)"dS'

[ln(%)+(r—o‘2/2)(T—t)]2

P

=, 2o (T-0]"

26%(T—t)

as'
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PR, | v(S.6)= SN(d (T ~1,8)) ~ Ke T N(d (T 1,5)).
s

. o0 ; Nhu vay chiing ta c6 thé diung ham Green dé

-K e 2o ds'. 4 iém ct i _

_[K S (T -1)]" tim ngh1¢;m ctua Phu’ong trinh Balck —Scholes.
IV. KET LUAN
S Phuong phép tim ham Green trong bai viét nay
ln(E)"‘(” —o’ 12)(T 1) 1a mot cach di dén ham Green cho phuong trinh
D% u= oJT—1 : Black-Scholes nhanh chong. Nhitng ky thuat dé
Thay vao trong biéu thurc ciia v(S,7) vabién xuét trong bai viét nay nay thu duoc ham Green
doi ta co nho gon vé mit hinh thtrc, didu nay cho phép dé
. . dang tiép can Iy thuyét vé ham Green sir dung giai
V(S0 = ﬁ [T s e Kﬁ [ et q‘l%yét,m(f)t sO céac van dé thuyec té trong k¥ thuét vé
tai chinh.
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