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Tom tit: Trong cong tdc vmg ciru ngdp lut dién rong, viéc t6i uu héa dong bay cho cdc thiét bi bay khong nguwoi ldi
(UAV) déng vai tro then chot dé thu thap théng tin va cieu tro kip thoi. Bai bdo nay dé xudt vmg dung dwong cong dién day
khéng gian Hilbert (Hilbert space-filling curve) vao viéc thiét lap 16 trinh bay. Dua trén cdc tinh chdt toan hoc dac thu nhw
tinh fractal, tinh lzen tuc va kha nang bao toan tinh cuc bo (locality preservatzon) mé hinh dé xudt cho phép thiee hién cdc
hoat déng bay da cdp do: tir khao sdt tong quan dén tiép cdn chi tiét y té. Phan tich cho thdy du"ang cong Hilbert wu viét
hon cdc dwong bay truyén thong trong viéc phan logi viing, linh hoat lirge bé cdc khu viee khéng can thiét va hé tro tot cho
viéc trién khai dgi hinh nhiéu UAV dong thoi.

Tir khoa: Hilbert curve, ung ciru ngdp lut, fractal, space-filling curve

EXPLORING HILBERT CURVE PROPERTIES IN THE CONTEXT OF FLOOD
RESCUE MISSION PLANNING

Abstract: In large-scale flood emergency response, optimizing flight paths for Unmanned Aerial Vehicles (UAVs) is
pivotal for timely data acquisition and relief distribution. This paper proposes the application of the Hilbert space-filling
curve for flight route construction. Leveraging its inherent mathematical properties—including fractality, continuity, and
locality preservation—the proposed model enables multi-level flight operations, ranging from wide-area surveillance
to high-precision medical interventions. Our analysis demonstrates that the Hilbert curve outperforms traditional flight
patterns in region classification, offering superior flexibility in bypassing irrelevant areas and facilitating the coordinated

deployment of multi-UAV swarms.
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I. PAT VAN PE

Ngép lut do 1a lut néi riéng va bién d6i khi
hau no6i chung 1a van d& 16n cta nhidu nudc
trong nhitng ndm vura qua, trong d6 c6 Viét Nam.
Nhiing thi¢t hai, dac biét vé nguoi, do ngép lut rat
16n ngay tir lac ngap lut dén sau khi ngap lut va
trong d6 van dé tmg ctru kip thoi s& gitp ich cho
cac truong hop can thiét su giup d& vé y té, luong
thuc. Do do, viéc ung ctru khéan cép la mot trong
nhimg hoat dong rat can thiét va can su dong
st cua nhiéu luc lugng, trong d6 viéc su dung
dén ban dd, hé thong thong tin dja 1y 1a diéu tién
quyét. Cong tac ing phé dé dam bao an toan tinh
mang va tai san, dac biét, trong tuong lai, dan )
gid hoa nén sy can thiét cua viée trg giup khi c¢6
nhimg su c¢d nhu ngp lut cang nén duoc chuan
hoa va tang tinh hiéu qua. Theo d6, ing ctru khan
cap khi c6 ngap lut gdbm cac hoat dong khan cap
dé ctru ho ngudi dan (dic biét ngudi gia, tré em,
nhiing nguoi khuyét tat, nguoi bi bénh ning,...),
di doi tai san, cung cép nhu yéu pham va cac hoat
dong vé y té nhu cip ctru,... Cu thé hon, v6i cac
hoat dong Uing ctru trén dugc dap ung kip thoi,
chung can dugc phan loai thanh nhirng nhém hoat
d6ng can sy téng quat hoa dang dé trién khai thuc
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hién. Theo d6, thong thudng dé ndm bt tinh hinh
anh hudng va tac dong vdoi nguoi dan, ngoai cac
hé théng thong tin dia Iy c6 san, viéc sir dung céc
thiét bi bay nhu UAV, drone dé tiép can cac ving
ngap cling 12 mot giai phap can thiét dé trién khai
trong nhitng ndm gan day. Néu chi c6 mot thiét bi
bay & mot d6 cao xac dinh thi cong tac danh gia vé
ung ctru s€ phu thudc vao kinh nghiém cta nguoi
phan tich. Didu nay s& gay khé khan vi d6 cao co
thé cao hoiac thép, lién quan dén mure chi tiét. Vi
viéc bay nhiéu 1an cuing do cao s& gy ra su chim
tré. Ngoaira, néu c6 nhiéu thiét bi bay, viéc 1én Kké
hoach bay s& quan trong vi han ché su trung lap
va tim kiém giai phap bay chung, nhu sip xép lam
viéc song song/dong thoi.

Tur d6, chung ta can thiét lya chon mé hinh
duong bay dé phuc vu cong tac img ctru hiéu qua.
Mot duong bay can duoc phi toan dién ving bi
ngdp va hon nira 14 yéu cau vé cac tinh chat tdi
ru ciia dudng bay dé dam bao dugc viéc nim bit
thong tin ving ngap tot nhat. Trong bai viét nay,
duong cong Hilbert dugc dé cap va lua chon dé
phan tich vi céac tinh chat hinh hoc trong viéc phuc
vu cdc 16p g dung trng ctru ngép lut.
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IL. NQI DUNG NGHIEN CUU

2.1. Co sé nghién ctru

2.1.1. Mot sé tinh chat trong co sé bay chup
khong anh:

Theo 1y thuyét, mot footprint ciia thiét bi bay
(nhu UAV): Khu vuc dién tich dugc bay chup tai
1 d6 cao h cua UAV goi la tham s6 UAV footprint
con duogc goi 1a ving nhin thay (FoV). Cong thirc
tinh todn mot vung nhin (FoV) ctia camera dugc
xac dinh theo d§ cao h va 1 gbéc nhin, cu thé 1a 2
tham s6 (F_,F,) nhu sau:

a B
FE, = 2h xtan tan (E) vaF; = 2h X tan (E)

Véi: F_w 1a chiéu rong cua FoV va F 1 1a chiéu

dai cia FoV; h 1a 6 cao bay; a 1a goc ngang cua

camera va B l1a goc doc cua camera. Trong cong

thirc nay, gia dinh tam nhin cua thiét bi bay 1a 1

hinh chir nhat (hoac ly twdng hon 1a hinh vuéng):
bl

Hinh 1: Footprint (hinh chup nén) ciia mot thiét bi bay
T d6, dé mot hinh chup nén rong 16n hon, mot
thiét bi bay can do cao khi bay hon. Tuy nhién, voi

d6 cao cang 16n, muc do thu thap anh c6 thé kém
chinh x4c hon. Mdi “6” s& chira dung cac thong
tin dugc “chup anh”. O cac hé théng bay chup,
cac camera co thé tich hop chup céc ting sb khac
nhau. Mdi ting s6 s& thu thap mot s thong tin cu
thé. Ngay nay, cac ing dung vé bay chup rut trich
nhiéu thong tin trén dia hinh bang cach t6 hop cac
tan s6 chup nhu: thong tin vé hong ngoai, thong
tin vé cy xanh (chi s6 NVDI), cac thong tin vé
moi truong, ...

Can luu y, trong 1y thuyét vé khong anh, ngoai
tham s6 footprint trén con nhimng thong sb lién
quan khac nhu do phu trung lap (overlap),... B
phii tring 1dp dé cac hinh anh thu thap dugc dam
bao 6n dinh vé khong gian, tuy nhién, trong nghién
ctru nay, do phu trung 13p dugce bd qua.

2.1.2. Vé dwong cong Hilbert

Duong cong Hilbert 1a duong cong phu khong
gian (space-filling curve) mang tinh fractal dugc
nha toan hoc nguoi Puc David Hilbert d& xuit
nam 1891. Puong cong Hilbert theo cac bac 1, 2,
3,... trong khong gian 2 chiéu va c6 thé 1a nhiing
duong trong khong gian 3 chiéu.

Hinh 2: Puong cong Hilbert ¢ 3 cdp 1,2 va 3 trong ludi khéng gian 2 chiéu

Ngoai tinh chat chiéu Hausdoff 1 2 phan 4nh
viéc lap day hoan toan hinh vudng giai tich don vi
trong khong gian 2 chleu Day la tinh chat duoc
xem nhu diéu kién can dau tién de lua chon mot
duong cong. Bén canh d6, mot sb tinh chat cua
duong cong Hilbert duoc chii y bao gom:

- Lién tuc: dudng cong lién tyc (1 nét v&). Didu
nay sé glup cho viéc khong bi chong lap vi tri khi
di chuyen Tinh wu viét cia lién tuc xem nhu diéu
kién can thir 2 trong viéc lua chon duong Hilbert.

- Bdo toan tinh cuc bd: khac véi cac phép anh

xa don gidn hon nhu duong cong bac Z, duong
cong Hilbert c6 xu hudng bao toan tinh cuc bd,
nghia 13: cac diém gan nhau trong duong 1 chiéu
s€ dugc anh xa gﬁn nhau dén céac diém lan can.
Diéu nay c6 nghia la cac diém co s6 thu tu gan
nhau s& gan nhau trong khong gian 2/3 chiéu. Day
1a tinh chat quan trong va dugc xem nhu diéu kién
du dé Iya chon duong Hilbert vao tap cac duong
cong can dugc khao sat.

Dudi day 1a mot 10 trinh duong Hilbert (rng véi
lu6i 8x8 véi céc bac 1,2 va 3 duge thé hién:

Hinh 3: Duong cong Hilbert bdc 1,2 va 3 vdi vi tri trén ludi dwge danh s6 [Pienaar (2024)]
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Puong cong Hilbert ¢6 nhidu tmg dung thyc
té vé lap lich tinh toan song song, danh chi muc
R-tree, st dung lam phép bam (hasing),..

Vé xay dung mi dé sinh ra duong Hilbert duoc
nhiéu tai liéu d& cap. Cac k§y thuat thuong duge sir
dung 1a k¥ thuat dé quy va cac biéu dién theo hé
thdng L (L-system):

Kitu: A, B

Céc hoat dong: F, +, —

Bit dau: A

Quy luat phat sinh duong Hilbert:

A — +BF-AFA-FB+

B — —AF+BFB+FA—

V6i ki hiéu F mang nghia “vé thang”, “+” mang
nghia “r€ trai 90 d¢”, “-” mang nghia “ré phai 90
dd”, 2 ki hiéu “A” va “B” 1a bo qua trong khi vé&.

O mot phuong phap biéu dién khac, dudng
cong Hilbert c6 thé xem la mQt dang cay tir phan
(quadtree) V01 cap dau t1en la: 00, 01, 10 va 11.
Sau d6, & mdi cap s¢ gan cap trén vao phan “dudi”
dé hinh thanh cap mai. Cu thé 4 6 & cap tiép theo
s€ 1a 00 va 4 gia tri cua cap dau tién, d6 la: 0000,
0001, 0010 va 0011. Va cac 6 ké tiép s& la:

0100, 0101, 0110 va 0111

1000, 1001, 1010 va 1011

1100, 1101, 1110 va 1111

Tur do, gid su ¢ budce thu k, 6 tai vi tri N mang
gia tri la H k (N)=10010101...1011 thi ¢ budc
thtr k+1, 4 6 mdéi mang ki hiS¢un O,n 1, n 2 va
n_3 s& dugc sinh ra bang viéc “gan” 4 gia tri 00,
01, 10 va 11 vao H k (N), nghia la:

(k+l) (n, )=H, (N)."00""
(n, )=H, (N)."01"

H.,., (n )= H (N)."10"

H,., (n,)=H (N) "

Vi cach xdy dung trén, dudong cong Hilbert
dugc Gng dung thanh cay (tree) dé dinh danh vi
tri dia ly trén toan nudc My theo nghién clru cta
Sinton (2018).

Do c6 nhiéu tinh cht quan trong, nhiéu thu
vién tinh toan ctia python da xiy dung sdn ham
thiét 1ap duong cong Hilbert. Trong d6, mot s6 thu
vién thuong duogc dé cap trong cac nghién ctru vé
tinh toan nhu numpy (numpy-hilbert-curve).

2.2. Pé xuit cac cap loai wng ciru va lya
chon duwong bay

Trong bai bao nay, cac hoat dong cho ung clru
duoc dé& xuét phan thanh nhiéu cip do. Hién tai,
bai bao d& xuat 03 cip do twong Gmg 3 muc Gng
dung. Theo d6, chiing ta c6 thé tam thoi phén loai
céc loai g ciru ¢6 thé tam thoi phan chia thanh 3

(k+1)

cap vai tén tam goi 13 cac cap nhu sau:

Cdp 1: véi muc tiéu thu thdp théng tin tong
quan: nam duoc tinh hinh cac khu vuc ngap, cic
khu vuc chua bi ngép, ti 1¢ ngap va tac dong;

Cdp 2: voi myc tiéu tiép cdn lién lac: xac nhan
cac vi tri can ng cru va lién lac thong qua va
dinh 1o nguén luc cta cac lan can tr thong tin thu
thap duoc;

Cd'p 3: voi muc tiéu tié'p can doi tuong cu the:
nhu phan phét hang hoa, tiép can y té;

Theo d6, cac dang tmg dung c6 thé phan chia
thanh cac dang: ti 1¢ nho twong Urng véi anh khu
vuc 1on, ti 1€ 16n tuong tng véi khu vuc vira va
ti 18 siéu 16n twong tng véi chi tiét, phuc vu phan
phat hang hoa, thuéc men hoic cac hoat dong can
sy chinh x4c cao ciru tro y té nhu cap ctiu. Véi
phan chia nhu trén, cip 1 dugce xem 1a cép téng
quan nhat va cp 3 1a chi tiét nhat. Cap 1 s& nim
bat trén dién rong dé danh gia chung, cap 1 mang
tinh dinh tinh nhiéu hon. Cip 2 dugc xem 1a cip
trung gian va ting cudng dinh lugng. Cap 2 ciing
1a phan anh dugc buic tranh vé phuong phap lién
lac ciing nhu bude dau hinh thanh giai phap tiép
can, dac biét la tiép can cua lan can. Diéu nay
cho thay tdm quan trong trong ctru hd ngép lut
khi & 1 vi trf c6 thé bi gi61 han cuc bd ma khong
c6 thong tin & 1an can gan. Viéc sir dung tiép can
cép 2 s& ndm rd hon vé nguén luc cuc bo va cac
1an can dé co cau nhirng nguén luc hd tro khu vue
ngap. O cép 3, tiép can cu thé sé& giai quyét cac bai
toan vé ctru trg phan phdi hang ciing nhu tiép can
y té truc tiép. Do vy, tit ca cac loai ing dung déu
nén co su lién théng va ké thira thong tin. Piéu
nay c6 nghia 1a & cdp va can duoc dam bao tinh
nhanh chéng, c¢6 kha nang “bo qua” (skip) nhirng
khu vyc khong can thiét ma ¢ cap trén

Twr do, khi xét cac duong cong phu kin khong
gian dugc tai liéu nghién clru cua Aymen Dia
Eddine Berini va cac cong su (2024) nhic dén
nhu dudng chit Z, dudng bay di-dén (back-and-
forth), duong xodn Oc (spiral), dudng LMAT,
duong Zamboni,... (nhu hinh bén dudi), mac du
khong gian dugc phu kin, cac duong lién tuc (lién
nét) nhung dé xay dung thanh 3 cap do bay nhu
yéu cau bén trén thi gip nhimng trd ngai nhat dinh.
Mic du viée xay nhiéu cAp bay 1a kha thi, twong tur
nhu phép chiéu hinh chép 18n cac cp va don gian
hoa (trong thuat ngir goi 1a tong quat hoa) hodc
phtc tap hoa dé duoc cac cap do khac.
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Tuy nhién, theo nghién clru cua Pienaar (2024),
v6i tinh chat do do khong gian Hausdoff 14 2 nén
viéc gilr tinh cuc b (locality) cua duong Hilbert
s€ tang tinh nhom céc vung. Vi vay, khi sir dung
cac duong bay khac véi Hilbert, viéc bay chup
doi héi viéc bay phu khong gian theo xu hudng
toan cuc nén s& rat kho kiém soat (loai bo/ting
cuong) vung cuc bd so voi duong cong Hilbert.
Tir d6, dé xuét cac dang dudng bay theo cac cap
Hilbert. Ngoai dic diém phu kin ving (region-
filling), duong cong Hilbert c6 cac uu diém (kha
ndng) nhu sau:

- Tinh chat 1: D& dang téng quat hoa, nang bac
cac cap;

- Tinh chit 2: Cho phép bay dong thoi nhidu
béc: nhiéu ti 16 khac nhau c6 thé bay dong thoi dé
phat hién;

- Tinh chit 3: Cho phép phan thanh nhiéu
dudng bay cung cip: khi c6 nhiéu UAV, chung
ta co thé thuc hién viéc bay thanh nhiéu dudng
bay trén 1 cap ctia dudng cong. Tinh chat ndy cho
phép viéc bo qua cac khu vuc khong can thiét khi
anh bay chup ¢ cip cao hon nhan dinh khu vuc
khong can phai bay chi tiét hon.

4: Cac dwong phii khéng gian khdc trong nghién ciru ciia Berini va cgng su

III. KET LUAN

Nghién ctru dé xuét so bo vé duong bay ddi véi
cac khu vuc ung ctru, dac bi¢t trong trng ciru khén
cap. Theo do, trong cac hoat dong nay, viéc bay &
nhiéu céip dd ma dé xuit cu thé it nhat 1a 3 cép do
nén can dén duong cong Hilbert. Puong cong c6
thé dap Gmg tuong Gng véi mic do chi tiét trong
tmg ctru 1a “phu day khong gian” va “tinh chét
fractal”. Bén canh do, duong cong con dap ing
van dé dé “lugc bo” (skip) cac khu vuc bay khi
can thiét dé tang tbc d6 vi tinh chat tuyén tinh kha
cao cua duong cong.

Mo rong ra, duong cong Hilbert phu hop voi
cac tmg dung dé “dinh danh” khong gian v6i kha
nang dinh danh nhiéu cip. Diéu nay sé& hitu ich d6i
v6i cac tmg dung can phéan cap tir Trung wong dén
Tinh va cap Xa.

Tuy vay, dac diém c6 thé goi la khuyét diém
cua duong Hilbert trong ap dung vao hanh trinh
bay chup 1a viéc chuyén huéng kha nhiéu. Viéc
chuyén hudng c6 thé mat di nhidu thoi gian trong
thuc t& van hanh thiét bi hodc can thiét bi bay c6
dd chinh xac vé hoat dong hoac cac tinh nang lam
“mém” dudng bay dé tranh dudng bay chuyén
hudng qua “cung”.
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