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BANG VIEC KHAI THAC CAC BAI TOAN CUC TRI TRONG HINH HQC PHANG
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Tom tit: Cac bai todn cyc tri trong s6 phic thmmg duwoc coi la khé d@oi véi hoc sinh trung hoc phé théng do két hop
kién thire dai s6 véi hinh hoc phike tap. T [y nhién, bang cach quy vé va khai théc cdc bdi todn cuec tri quen thuoc trong hinh
hoc phdng, ta ¢6 thé c¢é nhitng hiedng tiép cdn tric quan, ngdn gon va hiéu qua hon. Baz bdo nay trinh bay méi lién hé giita
cuee tri trong s6 phirc va cuec tri trong hinh hoc phang, dwa ra mét s6 phirong phdp tzep cdn ciing vi du minh hoa cu thé, tir
a6 khdng dinh vai tro quan trong ciia hinh hoc trong viéc gidi quyét cdc bai todn sé phike.

Tir khéa: S6 phiee; cuc tri; hinh hoc phdng; tiép can; 16i wu.

APPROACHING SOME TYPES OF EXTREMUM PROBLEMS IN COMPLEX
NUMBERS BY EXPLOITING EXTREMUM PROBLEMS IN PLANE GEOMETRY

Abstract: Extremum problems in complex numbers are often considered difficult for high school students because they
combine algebraic knowledge with complex geometric reasoning. However, by reducing them to and exploiting familiar
extremum problems in plane geometry, it is possible to develop more intuitive, concise, and effective approaches. This
article presents the relationship between extremum problems in complex numbers and those in plane geometry, proposes
several approaches together with specific illustrative examples, and thereby confirms the important role of geometry in

solving complex-number problems.
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I. PAT VAN DE

S6 phtrc 1a mot mang kién thirc quan trong,
vira mang tinh dai s6 vira gan lién Vé’i hinh hoc.
Trong dod, cac bai toan cuc tri trong so phure (tim
gi4 tri 16n nhat, nhé nhat ctia modun sO phuc, ctia
cac biéu thuc lién quan dén sb phuc...) thuong
gay kho khan cho hoc sinh. Nguyén nhan la do da
phan hoc sinh quen véi viéce tiép can cac bai toan
cuc tri thudn tiy bang cong cu dai sd, dan dén 1oi
giai thiéu tryc quan, d6i khi dai dong va kho bao
quat ban chat cua van dé. Chinh vi vay, viéc tiép
can cac dang toan cyc tri trong s6 phirc théng qua
céc bai toan cyc tri trong hinh hoc phang khong
chi gitp hoc sinh c6 cai nhin tryc quan, dé hiéu,
ma con gop phan phat trién ning luc lién h¢, tich
hop kién thirc giira cac mang dai s6 va h1nh hoc.
Diéu nay vira nang cao hiéu quéa day hoc s phtc,
vira khang dinh mdi lién hé chit ché giﬁa cac
nhéanh toan hoc trong viée giai quyét cac van dé
thuc tién va ly thuyét.

II. NOI DUNG NGHIEN CUU

2.1. Mt s6 dang toan cue tri trong sé phirc
bang viéc khai thac cic bai toin cuc tri trong
hinh hoc phiang

a. Kién thirc co ban vé so phirc

A © 1a P N g 22
SO 1 dugc goiladonviaovacoi® =—1
Dang dai s cta s6 phirc z 1a z=a+bi ,

trong d6 a,b €[] ,a duoc goi la phén thuc cua
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sb phirc z, con b dugce goi 14 phan do cta s phuc .

S6 phirc lién hop cua s6 phitc z = a + bi duogc
kihigula z va z=a—bi

Hai s6 phtrc bang nhau: Cho

z,=a,+bi, z,=a, +b,i,
a, =a,
b =b,

Céc phép toan cong, trir, nhan trén hai sé phirc:

z, =2,

zy=a, +bi, z, =a, +b,i
zytz,=(a, ta,)+(b £b,)i
z,.z, =(a, +bi)(a, + byi)=(a,a, - bb,) +(ab, +a,b)i

kz, = ka, + kbli , voi k 1a sb thuc.

Phép chia hai s6 phtrc:

z,=a, +bi, z, =a, +b,i trongd6 z, #0

Z _ 5Zy (a1 +b1i)(a2
a, +b;

b. M6-dun s6 phttc va mgt s6 m¢ rong

—b,i)

Z,  Z,.z,

Mé-dun s6 phitc z=a +bi kihicula |z
duoc x4c dinh: |Z| =a’+b*.
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¢, Biéu dieén hinh hgc ctiia so0 phirc va mgt so
mé rong
Biéu dién hinh hoc ctia s6 phitc z =X + yi

v6i x,yell trén mit phing toa do 1a diém

M (x;y) .Khidé |z| = OM .

Biéu dlen hinh hoc cua hai sb phirc z va z la
hai dlem do6i  xtng nhau qua truc Ox nén neu quy
tich diém biéu dién hai s6 phitc zva Z lan luot

la cac hinh (C ),(C ) thi hai hinh d6 ciing ddi
xtng nhau qua truc Ox .

Néu diém bi€u dién cua hai s0 phuc z,,z,
la A,B thi
|Z1 — Zz| =AB

|Z1 +Zz|:‘@+@‘:2OM

, voi M la trung diém doan AB .
Cho diém biéu dién cua hai sO phuc
z,,z, 1a A,B. S0 phtc z thay d6i théa man

|z —z,| =|z — z,| thi quy tich diém biéu dién sb
phtc z 1a trung truc cua doan AB.
Cho diém biéu dién cta hai sO phuc

z,z, la AB. S6 phirc z thay doi thoa mén

|Z z | = |Z z | thi quy tich diém biéu dién sd
phtrc z 1a mot duong thang

Cho z; 1a mét s6 phire khong d6i co diém
biéu dién la I, mot s6 phirc z thay doi thoa man

|Z z | >R > 0 thi quy tich diém biéu dién sb
phtrc z 1a mién ngoai dudng tron tim Ibankinh R .

Cho hai s6 phic z,,z, khong d6i c6 diém
biéu dién 14 hai diém A,B . Mot s phirc z thay doi

thoa man |Z—Zl|+|Z—Zz|=a>0 . Khi d6:

)Néu |z, — z,| < a thi quy tich diém biéu
dién s6 phirc z 1a duong E-lip nhan A,B 1am hai
tiéu diém va do dai truc 1on bang a .

+)Néu |z, —z,| = a thi qu tich diém biéu
dién s6 phtrc z 1a doan thang AB.

186 | Tap 32 s6 03 ki 3 (thang 03/2026)

2.2. Khai thac tir cac bai toan cuec tri lién
quan dén dwong thing, doan thing

Bai toan 1: Trong mat phéng toa do Oxy , cho
diém A va duong thing (d) . Tim diém M chay trén
duodng thang (d) sao cho d6 dai doan AM nho nhét

a. Huéng din giai

A
d(M,d)
(d)

M H

Goi H 12 hinh chiéu vudng géc ctia diém A 1én
duong thang (d).

Khi d6 AM > AH , nén do dai doan
AM nho nhat khi va chi khi M 1a hinh chiéu
vudng goc ciia diém A 1én dudng thang (d) va

AM = AH=d(M .d) .

min

b. Cach tao va giai mot s0 bai toan cuc tri
trén tap so phlrc tir bai toan trén

Tao gia thiét: Tao mot diéu kién rang budc s6
phtrc z sao cho quy tich né 1a mgt duong thang.

Tao két luan Tim gié tri nh6 nhat ctia |Z Z, |
voiz, 1a mot sO phu’c da biét.
Cach giai quyét: Goi diém biéu dién cua s6

phtc z,z, lanlugt1a M, A . Goi duong thing
biéu dién quy tich s6 phiac z 1a (d) . Khi d6 bai
toan s6 phirc trd vé bai toan hinh hoc néu & trén.

Nhan xét: Bi€ém mau chot dé tao ra mot bai tap
loai nay 14 ta tao ra dugc mot diéu kién rang budc
sé phirc  dé quy tich biéu dién né 13 dudng thang.
Diéu kién kiéu nay kha da dang, ma hay gip c6
thé ké dén:

+) Cho s6 phitc z=x+ yi (x,ye€l) sao
cho ax+by+c=0 (a,b,cell).

+) Cho s6 phitc z thoa man |Z -z | = |Z - ZZ|
voi z,z, lahai s6 phirc da biét.

¢. Vi du minh hoa

Vi du : Cho s0 phuc z cé diém bi¢u dién nam

trén dudng thang (d):3x—4y—3 =0 . Tinh

gia tri nho nhat cua |Z| .

1 3 4 2
A.—. B.—. C.—. D.—.
5 2 5 9 ~ 5 e
Goiy: Goi M Ia diém biéu dién s0 phic z =
. 3
mln|Z|:OMmin :d(O,d):g
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Bai toan 2: Trong mat phéng toa do Oxy , cho
hai diém phan bié¢t A,B va duong thang (d). Biém
M chay trén duong thang (d) sao cho tong d6 dai
doan AM + BM nho6 nhét. Khi d6 hay tim vi tri
diém M vatinh AM + BM

a. Hwong din giai: Ta xét hai truong hop

Trwong hop 1: hai diém A, B nam vé hai
phia do6i véi duong thang (d)

Tacd MA+MB> AB nén (MA+MB)__ = AB , dat

duge khi M = ABN(d) .
Truwong hop 2: hai diém A, B cing phia d6i
v6i dudng thang (d)

(d)

(d)

Goi A’ 1a diém d6i xtmg ctia diém A qua dudng
thang (d) . Khi ¢6 MA = MA'
= MA+MB=MA+MB>A'B nén

(MA+MB) =A'B,khi M =A'BN(d)

b. Cach tao va giai mot so bai toan cwe tri

trén tap so phirc tir bai toan trén

Tao gia thiét: Tao mdt dicu kién rang budc so
phtic z sao cho quy tich n6 1a mot duong thang.

Tao ket luan: Tim gia tri nhé nhat cia mo6-
dun .[Z —z,|+|z —z,| v6i z,,z, 1amét s6 phirc
da biet.

Céch giai quyét: Goi diém biéu dién cua so
phiuc z,z,,z, lan luot la M, A, B . Goi duong

thang bleu dién quy tlch sd phuc zla (d) . Khi do
bai toan sb phuc trd vé bai toan hinh hoc néu & trén.

Nhan xét: Piém mau chdt dé tao ra mot bai
tap loai nay 1a phat hién nhanh yéu té hinh hoc &
gia thiét va két luan, vé& cac yéu t6 hinh hoc 1én hé
truc toa do dé xac dinh nhanh vi tri cua A,B voi
duong thang (d)

¢. Vi du minh hga:

Vidu: Chocacsdphirc zthdoaman |z - 1| = |z + 1|
. Gid trj nho nhat cia |z +2 - 4i|+|z -4 - 61 1a:

A.N10++/5. B13.. . 24/5 D 24/10.

Goi y: Goi M 1a diém biéu dién s6 phuc z , tir

diéu kién |Z — l| = |Z + 1| suy ra dugc quy tich

diém M1a truc Oy . Dat A(-2;4),B(4;6) thi
A,B nam vé hai phia tryc Oy . Khi d6

|z +2—4i +]z — 4 — 6i| = MA + MB = 4B = 2\/10.
Bai toan 3: Trong mat phang toa d6 Oxy ,

cho dlem I va doan thing AB . Piém M chay trén
doan thang AB sao cho d9 dai doan IM nho nhit.
Khi d6 hiy tim vi tri diém va tinh d¢ dai

a. Huéng din giai

Goi H 1a hinh chiéu vuéng géc cia diém 11én
dudng thang (AB) .Ta xét hai trudng hop
Trwong hgp 1: Diém H nam trong doan AB

A M H B

M, =max {I4;1B}

D@ dang thdy M. =1H v3
Truong hop 2 : diém H nam ngoai doan AB

7

A M B H

D& dang thdy IM ;= min{I4;IB}

va IM . =max{I4;IB}.

b. Cach tao va giai mot s6 bai toan cuec tri
trén tap so phirc tir bai toan trén

Tao gia thiét: Tao mot diéu kién rang budc )
phtic z sao cho quy tich n6 1a mot doan thang.

Tao két luan: Tim gia tri nho nhat, 16n nhat

ctia mo-dun |Z Zp| voi z,lamot sO phu’c da blet
Cach gidi quyet: Goi dlem biéu dién cua sb

phuc z,z, lan luot 1a M,I . Goi doan thang b1eu
dién quy t1ch s6 phtic z 12 AB . Khi d6 bai toan s
phtec trd vé bai toan hinh hoc néu & trén.

Vi du : Xét s6 phitc z thoa man

|Z+2—l|+|z—4 71[ 62 . Goi m, M
lan luot 14 gia tri nho nhat va gid tri 16n nhat cua

|z=1+i . Tinh P=m+M .

A 134473 . B.M.

2
C. 5V2+273 . 5\/_+\/—

G0'1y GoiM la dlembleu didn & phu’cz goi
A(—Z;l),B(4;7) )
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+) Tir gia thiét sd phirc z sao cho quy tich nd 1a mot dudng tron.

Tao két luan: Tim gi4 tri nho nhit cia mo-
|z +2—i|+|z—4—7i|= 62 <> MA+ MB = AB 8

= Quy thh dlem M Chlnh la doan thang AB . dun |Z z | vol Z la mot SO phu'c da blet
Goi [(1;_1) thi |Z 1+ iJ —IM Cach giai quyet Goi diém biéu dién cia sd

+) V& hinh tryc quan dé kiém tra hinh chiéu phu:c Z,z, lan lugt 1a A,M . Goi dudng tron b1eu
cia I1én duong thing AB nam trong doan AB .  dién quy tlch s6 phirc z 14 (C) . Khi d6 bai toan sd

Lai co: phtrc tré vé bai toan hinh hoc néu ¢ trén.
Nhin xét: Diém mau chét dé tao ra mt bai
14 = JT3.1B = 73.d(I: AB) — 572 . tap loal nay 1a ta tao ra dugc mot diéu kién rang
budc sd phurc dé quy tich biéu dién no 1a duong
_p 52 + 2473 tron. Diéu kién kiéu nay kha da dang, ma hay gip
2.3. Khai%hic tir cdc bai toan cye tri lién 0 the ké den:

quan dén duong tron . +) Cho sO phtic z thoa méin |Z ZO| =R v6i
Bai toan 4: Trong mat phang toa do Oxy cho 7,14 hai s phirc da biét.

diém A va duong tron (C) c6 tim I ban kinh R .
Piém M thay doi trén duong tron (C) . Xac dinh +) Cho s6 phitc z thdaman |Z -z | =k |Z - Zz|
vi tri diém de do dai doan dat gié tri l6n nhat, gid yg; ;> 1a hai sb phic da biétva k >0 .
tri nho nhat va tinh cac gia tri nay. Vi du : Trong céac sd phirc z thoa mén
a. Huéng din giai: Ta xét ba truong hop
Truong hop 1: Piém A nim & mién ngoai |Z —(2 + 4i)| =2 goi z va z, la s6 phirc ¢o

duong tron (C) modun 16n nhat va nho nhat Tong phan 4o clia
) © hai s6 phirc z, va zzbang :
‘ A.8 . B.4. C.-8. D.8.
A B 2 Goi y: Goi M 1a diém biéu dién s6 phtrc z.
) Vi |z—(2+4i)|=2 nén quy tich diém

AM.;, = AB=AI-Rva AM,, = AC=AI+R Mladuong tron (C)tam [ (2;4) ban kinh R=2.
Truong hgp 2: Diém A nam & trén duong +) Phuong trinh duong thing Ol la y = 2x

tron (C) +) Toa d6 hai diém 1a nghiém ctia hé phuong trinh
©)
2 2 C>
Ac (x=2) +(y—4) =2°  [5x"-20x+16=0
2 . 4 2 4
V)= 2——=:4——= |hoic(x;y) =| 2+ —=:;4+—
= (50)=[2- o4 st o 2+ 4
AM,, =0va AM,  =AC=2R +) S6 phirc c6 mddun 16n nhat

min , max

Trwong hop 3: Diém A nim & mién trong

duong tron (C) . ) (4 4] M[2+ j
z= t—|i
¢ FE NS

C
% " +) S6 phitc ¢6 moédun nho nhat
N

M

2 4 2 4
z=2-—+|4-—=|i N|2-—=4-—
J5 [ ﬁj [ ¥5 ﬁ]
AMmin =AB=R- Alva AMmax =AC=Al+R +) Vay tong phan do cua hai s6 phuc la
b. Cach tao va giai mdt so bai toin curc tri
trén tip s6 phirc tir bai toan trén 4+i+ A 4 g
Tao gia thiét: Tao mot didu kién rang budc J5 N
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b. Cach tao va giai mdt so6 bai toan cure tri
trén tap s6 phirc tir bai toan trén
Tao gia thiét: Tao mot diéu kién rang budc
s phtic z, sao cho quy tich‘diém biéu dién nd la
mot dudong tron, tao mét di€u kién rang budc so
phitc 7, sao cho quy tich diém biéu dién n6 1a mot
duong thang.
Tao két luan: Tim gia tri nho nhat ctia mo-dun

|2 = 2, . ) T ,

Céch giai quyét: Goi diém biéu dién cua so
phic z,,z, lan lugt 1a M,N. Goi dudng tron
biéu dién quy tich s phuc z, 1a(C), duong théng
biéu dién §6 phuc z, la (d). Khi do6 bai toan so
phuc trd ve bai toan hinh hoc néu & trén.

Nhén xét: Khi hoc sinh d¢a ndm viing bai toan
1 va 3 thi ciing s& dé dang hinh dung duoc con
duong hinh hoc dé giai quyét bai toan nay.

¢. Vi du minh hga

Vi du 9: Xét hai s6 phuc z,,2, thoa man

{lzl —i| = |Zl + 1|

|z, —1—4| =1 Tim gi4 tri nho nhat cua |Z1 - zz| .

c.\2-1. D.%.

A. \/E B.1.

Goi y: Goi M\N 14n luot 14 diém biéu dién cua
hai s6 phuc Z,2,.
+) Theo bai ra |z =i =]z +1
|z, —1—i| =1
tich diém Mla duong thing (d):x+y =0 va

, suy ra quy

quy tich diém N 1a duong tron (C) tam 1 (1;1)
¢6 ban kinh R= 1.
+) V& hinh truc quan dé thay (C) va (d)

khong c6 diém chung, ma |Z1 - Zz| = MN nén

= MN,

min

| =d(I,d)—R=~2—1.

III. KET LUAN

C6 thé nhan thay rang viéc tiép can cac bai toan
cuc tri trong s6 phtrc bang cach khai thac nhiing
bai toan cuc tri quen thudc trong hinh hoc phing
mang lai nhidu wu thé. Céach tiép cin nay khong
chi giap don gian hoéa 101 giai, tao sy truc quan
ma con gitp hoc sinh nhan théy mdi lién hé chit
ché giita dai s6 va hinh hoc. Viéc quy dbi tir biéu
thirc s6 phtrc sang cac yéu t6 hinh hoc nhu khoang
cach, duong trung truc, duong tron, elip... da gitp
cho qua trinh giai toan tré nén ngin gon, sang sua
va d& hiéu hon, tao htrng tha cho hoc sinh trong
qué trinh hoc tap.

|z1 —z,
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