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Tom tit: Toan hoc khéng chi la mot mén khoa hoc trivu twgng ma con la cong cu quan trong gillp con nguoi gidi quyét
nhiéu van dé trong thiee tién. Trong do, tich phdn la mét trong nhitng kién thire cot 16i cia gidi tich, ¢é vai tro ddc biét trong
viéc mo td va tinh toan cac dai lwong bién thién lién tuc. Viéc van dung tich phan dé gidi cdc bai toan thyc 1é nhw tinh dién
tich, thé tich, céng co hoc khoi hmng vt the,... khong chi givip hoc sinh hiéu sdu ban chdt todn hoc ma con gép phan rén
luyén tw duy vng dung, gan két kién thire véi doi song va cdc linh viee khoa hoc khac Bai bao nay nham trinh bay mot cach
khdi quat va hé thong cdc vmg dung tiéu biéu cia tich phdn trong viéc gidi quyét cdc bai todn thuec té.

Tir khéa: tich phan, iimg dung gidi quyét cac bao todn thuc té

APPLICATIONS OF INTEGRALS IN SOLVING REAL-WORLD PROBLEMS
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Abstract: Mathematics is not only an abstract science but also an essential tool for solving various real-life problems.
Among its core concepts, integrals play a vital role in calculus by describing and calculating continuously changing
quantities. Applying integrals to real-world problems such as calculating area, volume, mechanical work, and the mass
of objects—not only helps students deeply understand the mathematical essence but also fosters applied thinking and
connects knowledge with daily life and other scientific disciplines. This paper aims to present a general and systematic

overview of typical applications of integrals in solving real-world problems.
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I. PAT VAN PE

Trong cudc séng va san xuét hién dai cac linh
vuc nhu vat 1y, k¥ thuat, kinh té hoc, sinh hoc, va
tham chi ca khoa hoc xa hoi déu can dén nhirng
cong cu toan hoc dé phan tich va du doan. Mot
trong nhitng cong cu manh mé& va khong thé thiéu
trong kho tang toan hoc chinh Ia tich phan. Tich
phan khong chi don thuan 1a mot khai niém triru
tugng trong chuong trinh toan phd thong hay dai
hoc. Trén thuc té, n6 duoc sir dung rong rai dé
tinh dién tich, thé tich, khdi luong, dién lugng,
cong co hoc, hay tham chi x4c suat trong cic mod
hinh ngau nhién. Tuy nhién, hoc sinh ciing nhu
sinh vién khi hoc Toan cam thdy Toan hoc mang
tinh chét han 1am, v6 b6, xa rdi thyc té. Nhiéu hoc
sinh, sinh vién khong biét hoc cac khai niém Toan
hoc dé 1am gi. Piéu d6 1am cho nguoi hoc mét di
dong co hoc tép Do d6 day hoc Toén can lam cho
ngudi hoc hiéu duoc Toan hoc rat gan giii, O ngay
xung quanh chiing ta, n6 gan lién v6i cude sdng
va can ren luyén cho hoc sinh nang lyc van dung
kién thirc Toan hoc vao thuce tién. Vi nhitng 1y do
trén, tac gia chon dé tai: “Ung dung cta tich phan
vao giai quyét cac bai toan thuc t&”.

I1. NOI DUNG NGHIEN CUU

Chu dé ung dung cua tich phan 1a mot trong
nhiing kién thic co ban. Viéc day va hoc van dé
nay gitp ngudi hoc hiéu rd ¥ nghia hinh hoc cta
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tich phan. Pai da s6 hoc sinh (ké ca hoc sinh kha
gioi) thuong gip nhimg khé khan, sai lam sau:

- Néu khéng c6 hinh v& thi hoc sinh thudng
khong hinh dung dugc hinh phang (hay vat thé
tron xoay). Do d6 hoc sinh ¢6 cam giac “xa la”
hon so v&i khi hoc vé dién tich cua hinh phang da
hoc trudce day. Hoc sinh khong tan dung duogc kiéu
“tu duy lién hé cii v6i méi” von c6 ctia minh khi
nghién ctru van dé nay.

- Hoc sinh thudng chi nhé cong thirc tinh thé
tich vat tron xoay mot cach may moc, kho phat
huy tinh linh hoat sang tao, dic bi¢t 1a k¥ nang
doc dd thi dé xét dau cac biéu thirc, k§ ning
chia nho” hinh phing dé tinh; k¥ ning cong, trir
thé tich. Pay 1a mot kho khan rat 16n ma hoc sinh
thuong gap phai.

Hoc sinh thuong ling tung trude madt bai toan
thue té lién quan dén tmg dung cua tich phan, hoc
sinh chua hé théng duoc kién thuc, khong dinh
duoc hudng giai quyét, vi thé toi da hé thong mot
s6 dang bai tdp yéu cau hoc sinh phai nim viing
va tir d6 co thé giai duoc bai toan da néu.

Luc nay vai trd ciia ngudi gido vién 1a rat quan
trong, phai huéng dan chi rd cho hoc sinh phuong
phap giai timg dang toan, nén giai nhu thé nao
cho hop 1y d6i véi timg loai toan dé duoc mot bai
toan ding bién d6i dung va suy luan c6 logic tranh



dugc cac tinh hudng rudm ra phic tap dé méc sai
1Am. Trén co s& d6 hinh thanh cho hoc sinh k§
nang tot khi giai quyét cac bai toan thuyc té.

2.1. Co s& 1y thuyét

Cho ham s& y = f'(x) lién tuc trén [a;B]
. Khi d6 dién tich S cua hinh phang (D) gi6i han

boi: P6 thi ham s6 y:f(x) ;truc Ox (y=0

) va hai duong thaing x = a;x = b la:

S=j[|f(x)|dx .

X

b) Dién tich hinh phang giéi han béi hai
@ thi (C)):y=f(x).(C,):y=g(x)

va hai duong thang x = a, x = b . Pugc xac dinh
bdi cong thure:

S=j[|f(x)—g(x)|dx .

v
Y

v="Ff(x)

O a

Bai tap van dung
Bai tap 1. Mot bién quang cdo c6 dang hinh elip

véibon dinh A4, 4,, B, B, nhuhinh v& bén. Biét
chi phi dé son phén t6 dam 1a 200.000vnd/m’
va phan con lai 100.900V1”16/1’1’12 . Hoi s tién dé
son theo cach trén gan nhat véi so tién nao dudi
day, biét 4 4, =8m , BB, =6m va tir giac
MNPQ 1a hinh chir nhat c6 MQ =3m ?

TAP CHI TAM LY - GIAO DUC

M, N

4 Ay

B,
A. dong. B. dong C.dong. D. dong.
Loi giai

Ay

B, 3

M N

Goi phuong trinh chinh tic cua elip (E ) cod

2y
dang: — +-5 =1

a b
. AIAZ = 8 = 2a a = 4

Vi =

BB,=6=2b b=3
2 2

:(E):f—6+%=1@y:i%\/16—x2

Suy ra dién tich cua hinh elip 1a
_ _ 2
S(E) =rab=12n (m )
Vi MNPQ la hinh ch&3nhét
va MQ=3:>M(x;Ej e(E)
2

x° 1 3 3
> t—=1l=x"=12= M| 2J3;= |;N| 243;=
16 4 ¥ [ [2J [IJ

Goi S,;S, 1an lugt 1a dién tich phan bj t6 mau
va khong bi to mau

Ta co:
S, =42 i \/léfxzdx:Sf[ V16— x2dv—=10 s 5, = 47— 643 (m? )
42J§ 23
Suy a8, =S, — S, =87+6V3
. Goi T 1a tong chi phi. Khi d6 ta co

T=(4z-63 ).100 + (87r + 643 ).200 17.322.000 dong
hon C

2.2. Bai toan lién quan dén thé tich
a. Co so¢ ly thuyét
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a) Cat mot vat thé C boi hai mat phang (P ) va (Q) vudng goc vGi

truc Ox lanluottai x=a, x = b(a < b). Mot mit phang bat

ki vuong géc véi Ox tai diém x(a < x < b) cét C theo mot thiét

dién c6 dién tich S(x) . Giasir S(x) 1aham lién tuc trén [a;b]

. Khi d6 thé tich cua vt thé C gi6i han boi hai mp (P) va (Q)

duoc tinh theo cong thirc: V' = fS (x)dx .
b) Tinh thé tich vat thé tron xoéy khi quay mién D duogc gidi han

boi cac duong y = f( ) y=0;x=a;x=>b quanhtruc Ox . ’
Thiét dién cua khdi tron xoay cit boi mat phang vuong goc voéi

Ox tai diém c6 hoanh do bang x 1la mot hinh tron c6 ban kinh

R =|f (x)| nén digntich thiétdienbing S (x) = 7R* = 7 (x)
. Vay thé tich khéi tron
xoaybduoc tinh theo gong thirc:

fS(x)dx ﬂff (x)dx
c) Néu hinh phamg D duoc gi6i han boi cac duong
y:f(x),yzg(x), x=a,x=b
(v6i f(x).g(x)=0 Vxe[a;b]) thi thé tich khéi tron xoay
sinh boi khi quay D quanh truc Ox duoc tinh boi cong thic:
b

V:ﬂ!;‘fz (x)—g2 (x)‘dx.

Bai tap van dung nhu hinh v&. Tinh thé tich khdi bé tong dé do
Bai tap 2. Trong chuong trinh ndng thon méi, dua cdy cau. (Puong cong trong hinh vé€ la cac
tai mot xa Y c6 xay mot cay cau bang bé tong duong Parabol).

A 19m’. B. 2Im’ C.18m’ . D. 40m’.
Loi giai

Chon hé truc Oxy nhu hinh v&.
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C. 42 (m/s) D. 25 (m/s)
Goi (B):y=a,x’ +b, laParaboldiquahai  Loi giai

did 19 TaCOv()—J'adt_aHC, v;(0)=0=>C=0
lem 4| — 5 ;0 |,B(0;2) Quing duong chat diém A di dugc trong 25
, giay la N
19 8 _ZS(L 13 ] [ 1 t3+£t2) _3.
Ta c6: 02"'(7) 2 4 ="2e] = ie0" 30" 4 300" e’ )l T2
Quing dudng chit diém B di dugc trong 15
( ) 2=b 8 b =2 giay la
= (B)y=—g ¥ +2 3 a*|®  225a
361 = Jarat = ==
Goi (Pz):y =a,x” +b, 1a Parabol di qua 0 2
o 375 225a 5
hai diém C(lO;O),D(O;é Ta co T: 5 & a :5 .
2 » 5 . . .
Nén ta ¢6 hé phuong trinh sau: |0=a-(10)" + 5 Van toc ctia B tai thoi diém dudi kip A 1a
5 5
1 5=b2 vB(IS):§.15=25(m/S) :
I T :(g);y:_L L3, Chon D o ,
y S 40 2 2.4. Bai toin cho biét dd thi cia véan toc,
27 quing dwdng clia chuyén dong
Ta c6 thé tich clia bé tong la: Bai tap 4. Mot vat chuyén dong trong 3 gid voi
V= 52{ (— ]dx J'w(——x +2jdx:|_40m3 van toc v(km/h) phu thudc vao thoi gian #(h)
0 361 rO3A 1 oA A 3 A o
c6 do thi van toc nhu hinh bén. Trong thoi gian
Chon D 1 gio ké tir khi bat dau chuyén dong, do thi do

2.3. Ung dung ciia tich phan vao giai quyét
bai toan chuyén djng
a. Co s¢ ly thuyét

12 mot phan clia duong parabol c6 dinh 1(2;9)
va truc d6i xtmg song song vdi truc tung, khoang
thoi gian con lai d6 thi 1a mot doan thang song
song voi truc hoanh. Tinh quang duong s ma vat
chuyén dong duoc trong 3 gior do.

Mot chuyén dong c6 phuong trinh ¢ — 7(t) thi:
- Van tbc ctia chuyén dong: v = f'(t) )

YT 1
- Gia toc ctia chuyén dong: a = f ”(t) . N1~
- Biét gia tdc thi van tdc duoc tinh: v = Iadt
- Biét van toc thi quing duong duoc tinh: 1
vdt
b."Bai toan cho biét ham s6 cua van tdc, quing : 1} R
duong cua chuyén dong o 2 2 3 t

Bai tip 3. Mot chat diém 4 xuatphattr O A _p1sgam) B. s=23,25(km)

, chuyén dong thang vdi van toc blenl‘;hlen theo C.s=13.83km) D. s=15,50(km)

thoi gian boi quy ludt (r)=—L 2 4 D), Lo giai
100 30
trong dot (glay) la khoang thoi gian tinh tir luc A

bét dau chuyén dong T trang thai ngh1 mot chat

Goiphuongtrinh cuaparabol v = at’ +bt +c
ta c6 hé nhu sau:

diém B ciing xuit phat tir O, chuyén dong thang

cung hudng voi A nhung cham hon 10 gidy so voi c=4 b=5

A va ¢c6 gia tbe bing a (m/s®) ( a la hing sb). 4a+2b+c=9<c=4

Sau khi B xuét phat dwoc 15 gidy thi dudi kip A . b 5

Van tdc ctia B tai thoi diém dubi kip A bing o 2 a=-—
A. 15(m/s) B. 9 (m/s) 1

Véi t=1tacod v:3—
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Vay quing duong vat chuyén dong dugc 1a
S—J.(——t +5t+4jdt+j—d =22 L 21,583
4 12

Chon A

1. KET LUAN

Tich phan la mét cong cu toan hoc dong vai
tro trung tam trong giai tich ma con c6 gia tri u:ng
dung siu rong trong nhiéu linh vyc cta d0’1 song
va khoa hoc k¥ thuat. Qua viéc giai quyet cac bai
toan thuc t& nhu tinh dién tich, thé tich, chuyén

dong... tich phan gitp ching ta md hinh hoa,
phan tich va du doan cac hién tuong ty nhién mot
cach chinh xac va hi¢u qua. Vi¢c dua céc bai toan
ung dung vao giang day khong nhitng gitp hoc
sinh hiéu 16 hon vé ban chét ctia tich phan ma con
phat trién tu duy thuc hanh, kha nang lién hé va
van dung kién thtrc toan hoc vao thuc té. Do do,
ting cuong ung dung thyc tién trong giang day
tich phan 1 mot huéng di can thiét nham nang cao
chit lugng gido duc va boi dudng nang lyc gidi
quyét van dé cho ngudi hoc.
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