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KHAINIEM N — ACCESSIBLE POI VOI QUY PAO
CUA NHOM PAI SO VA MOT SO TiNH CHAT

Vo6 Duy Hoang
Khoa Co ban, Truong Pai hoc cong nghé Péong A

Tém tit: Trong bai viét, tac gid giGi thiéu khdi niém n-accessible doi véi quy dao ciia nhém dai sé reductive tac dong
lén mot da tap affine trén truong bdt ky. Khdi niém dwoc xdy dung dwa trén 1y thuyét bao déng doi ddc trung va dinh Iy
Hilbert-Mumford hitu ti ciia Bate, Herpel, Martin va Réhrle. Mi quy dao duwoc xét qua chudi hitu han cdc phép ldy giGi
han déi véi doi dac trung nham xdc dinh tinh n-accessibility. Muc tiéu chinh la lam ré khdi niém nay va trinh bay cdc két
qua lién quan dén tinh chdt cia cdc quy dao G-déng doi dic trung, qua dé givp phan tich moi quan hé giita quy dao hinh
hoc va qui dao hitu ti trong da tap dai so. Tac gid ciing cung cap vi du mmh hoa va iing dung dé lam néi bdt vai tro ciia
khdi niém n-accessible trong nghién ciru cdu triic quy dao ciia nhém dai so.

Tir khéa: N — Accessible, Bao dong doi dic trung, Dinh Iy Hilbert—Mumford hitu ti, Nhém dai s6, Nhom reductive,
Ly thuyet bat bién hinh hoc
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Abstract: In this paper, the author introduces the concept of n-accessible for the orbits of a reductive algebraic group
acting on an affine variety defined over an arbitrary field. This concept is developed based on the theory of cocharacter-
closure and the rational version of the Hilbert—Mumford Theorem as formulated by Bate, Herpel, Martin, and Rohrle. Each
orbit is examined through a finite sequence of limits along cocharacters to determine its n-accessibility. The main goal is
to clarify this concept and present key results related to the properties of cocharacter-closed orbits, thereby facilitating
the analysis of the relationship between geometric and rational orbits in algebraic varieties. The paper also includes
illustrative examples and applications that highlight the role of the n-accessible concept in studying the orbit structure of
algebraic groups.
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I. PAT VAN DPE

Trong 1y thuyét bat bién hinh hoc (Geometric
Invariant Theory), viéc nghién ctru céu tric cua
cac quy dao cia mot nhom dai sé reductive G
tac dong 1én mot da tap affine V7 ludn la mot van
dé trung tam. Mot két qua cb dién trong linh vuc
nay 1a Dinh Iy Hilbert-Mumford, khang dinh rang
d6i v6i mot quy dao G -dong, ton tai mot ddi dic

trung A sao cho gidi han hmﬂ(a) Vv ton tai
trong quy dao do. Tuy nhién, kRi xét trén truong
khong dai s6 dong, van dé tré nén phc tap hon do
su xuat hién cua cac quy dao khéng dong. Diéu
nay do1 hdi phai mo rong cac khai niém va phat
trién céng cy moi dé mo ta sy dong cua cac quy
dao theo nghia hiru ti. Cocharacter-closure and
the rational Hilbert—Mumford Theorem (Math.
Z., 2017), Bate, Herpel, Martin va Rohrle da
dua ra mot 1y thuyét tong quat vé bao déng d6i
dac trung (cocharacter-closure) cia cac quy dao

G(k) trong cac khong gian khong dong dai sb.
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Ho ciing phat biéu va chimg minh mot phién ban
hitu ti cia Dinh ly Hilbert-Mumford (Rational
Hilbert-Mumford Theorem), gitip nghién ctru cau

trac cua cac quy dao G(k) thong qua cac dbi

dic trung A €Y, (G) . Két qua nay mé ra nhidu
hudng nghién ctru maéi, dac biét 1a trong viéc phan
tich cac quy dao khong dong va moi quan hé gitra

chiing v6i cac quy dao G(k) -dong trong khong
gian hinh hoc.

Nghién clru nay tdp trung lam rd khai niém
n-accessible ddi véi cac quy dao cua G(k) , dua
trén cac khai niém lién quan t6i tinh dong dbi dic
trung. Khai ni¢m n-accessible mo td mot dang lién
thong ting budc gilta cac quy dao G(k) thong
qua cac phép iy gidi han ddi dic trung. Muc tiéu
chinh la lam rd khai niém n-accessible va trinh
bay mét sé két qua quan trong lién quan dén tinh

chat cua cac quy dao G(k) -déng ddi didc trung
va cach ma khai ni¢m nay c6 thé dugc ap dung dé
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phan tich cau triic quy dao cia nhom dai sb.

IL. NOI DUNG NGHIEN CUU

2.1. Quy dao déng ddi dic trung va bao
dong dobi dic trung

Quy dao G(k).v dong dbi dic trung trén k
véimoi AeY, (G), neu v' = lim,_ A(a)v ton
taithi . v'e G(k).v

(a) Cho mot tap con X cua V, tanoi X 1a dong
dbi dac trung (trén K ) néu véimoi ve X va moi
A€Y,(G) saochov' = llmﬁo/l( ).v ton tai,
v'e X . Luu y rang dinh nghia nay trung khop voi
dinh nghia trén néu X = G(k).v voivel .

(b) Cho mdt tap con X cua V , ta dinh nghia
bao dong dbi dac trung cua  (trén k), ky hiéu | la
X la tap con nho nhat ciia V sao cho X < X
va X 1a dong d6i dac trung.

(c) Gia st G 1a mot nhom reductive tac dong
lén khong gian affine V. Cho veV va xét quy
dao G(k)-v . Bao déng d6i dic trung ciia quy dao
nay dugc dinh nghia nhu sau:

G(k)-v={weVEA €Y,.(G), hm Aa)-v=w}

Cho v,V eV , ta viét G(k) VL G(k) v néu
v'e G(k) v Khl do rd rang rang < ¢ tinh phan
xa va bic cau, do d6 < cho ta thir tu sip xép trén
tap cac G(k) quy dao trong V .

Cho veV vagiasw G, xdcdinh trén k. Khi
dé ta c6: (i) Neu G.v la dong Zariski thi G(k).v
la déng doi dic trung trén k ; (ii) Cho k'/k la
mot mé réng dai s6 va gid sir G(k’).v la dong
doi ddc trung trén k' . Khi dé G(k).v cting dong
doi ddc trung trén k . Hon nita, diéu nguoc lai
diing véi diéu kién v e V(k)’ va k'/k la mo réong
tach, (iii) Cho S la mot xuyén xac dinh trén k cua
G, vadat L = CG(S). Khi do G(k).v la dong
dé:i ddc trung trén khiva chi khi L(k).v la dong
doi dac trung trén k ; (iv) Gia sw weV va gia sw
G(k)w= G(k).v va G(k).v-< G(k).w. Khi do
G(k)v= G(k).w ]

2.2. Khai niém n-accessible va mét so tinh
chit lién quan

Dinh nghia 2.2.1. Gia su V, VeV | Ta
noi rang quy dao G (k) V' ¢o thé truy 0353

l-acc tur k).v néu ton tai ieyk(G
sag cho lim_, A(a@).v ton tai va nim trong
G(k ) V' . Tuong tw, v6i n > 1, ta ndi rang

G k) V' o thé truy cdp n-acc tu G(k) v
néu ton tai mot chudi hitu han cac quy dao
G(K).v = G( K)v,, G(k)v,.. G(k) v, =G(k)v'

voi G .V,+1 co thé truy cap l-acc dugc tur
G(k).v, v6imdi 1<i<np .Ta noi G(k)v'
c6 thé truy cap dugc tt G K).v néu né ¢ thé
truy cap n-acc t6i G(K).V véi n > 1 nao do.

Luu ¥ rang dinh nghia nay khong phu thuge
vao dai dién duge chon cua Vovi neu

L o A(a)v = v'eG(k
thi //maﬁo(g./l)( )(gv = gv l%v RO
rang tu cac dinh nghia trén, ta co the thiy: néu
G(K).V' c6 the truy cfp 1-acc tir G(k) V  thi
G(k).v'< G(k) V . Biéu diéu nguoc lai [ khong
dung, nghia la tinh accessible khong c6 tinh bac
cau, nhu’ng ta van c6 nhitng khing dinh sau:

Bode222G1ascu’ veV .

(i) Tacd G(k).v =|JG(k).v', trong d6 phép
hop duoc thuc hién trén tit ca veV sao cho
G k).V' ¢6 thé truy cap dugc tir G(k).V .

(i1) Tha tg dat truéc < ham y quan h¢
n-acc phai theo dung thu tu; nghia 1a, cho
v, v'e V', G(k).v'< G(K).v khi va chi khi ton
tai mot day hitu han tr G(k).v dén G(k).v' nhu
trong Pinh nghia 2.3.1

Chirng minh: (i) Goi X 1a hop duogc xac dinh
& trén. Khi d6 cho Ve X, G(k) V' ¢othé truy cap
dugctir G k) V . Nhung néu /im /I(a) vi=v"

a0
tontaivsi A €Y, G) thi G(k) V" co thé truy cap
duoc 1-acc tu é k).v"

, va do do G(k) V" 6 thé
truy cap duoc tur (k) V ,vivdy ve X . Do do

X 1a dong ddi dic trung trén k . Vi G(k).Vg X
,nén ta ¢ G(k).v < X . Nhung phép bao ham
nguoc lai rat o rang: theo dinh nghia, bao dong
dbi dic trung cia G(K).V phai chira tit ca cac
quy dao co thé truy cap 1-acc tir G(k V, va lai
c6 tat ca cac quy dao co thé truy cap l-acc duoc
tir cac quy dao do, v.v; (ii) Suy ra tur (1)
DPinh ly 2.3.3 (Pinh ly Hilbert-Mumford
hiru ti) Gia st ve V .

(i) C6 duy nhat mot G (k)— quy dao dong
dbi dac trung (trén k) co thé truy cdp 1-acc tir
G(k).v

(i1) Quy dao clia phan (1) la quy dao G(k)
dong ddi dic trung duy nhat trong G(k)

(ili) Néu G(k) V'<G(k).v , thi quy dao
Glk)- dong dbi dac trung duy nhat trong
G(k).v va G(k)v bang nhau.

2.3. Mot so ket qua quan trong va irng dung

2.3.1. Cdc két qud chinh lién quan dén khdi
niém n-accessible. Ta c6 mot s két qua sau: Moi
quy dao G(k) -dong ddi dic trung ton tai duy nhat
trong bao dong ddi dic trung ctia mot qui dao bat
ky; Néu mot quy dao G(k)-v' 1a n-accessible tir
G(k)-v , thi v e G(k)-v. Diéu nay co nghia la
moi quy dao n-accessible tr mot quy dao da cho
déu thudc bao dong ddi dic trung ctia quy dao do.

2.3.2. Cdc két qud chinh lién quan dén khdi
niém -accessible. Khai niém n -accessible giup
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ta md ta mbi lién hé gitra cac quy dao G(k) trong
khong gian affine 7 thong qua viéc lay gioi han
theo cac dbi dic trung. Ket qua dau tién noi rang:
v6i mdi diém veV | néu ta xét quy dao G(k)-v

, thi trong bao dong dbi dic trung cua quy dao
nay, chi c6 duy nhat mot quy dao G(k) -dong do6i
dic trung. No6i cach khac, néu ta dung cac ddi dic
trung A €Y, (G) dé lay gi6i han 11mi(a) v, thi
tat ca nhimng gidi han nhu vay déli Toi vao cung
mot quy dao G(k) -dong. Két qua thi hai 1a: néu
mot quy dao G(k)-w la n-accessible tur quy dao
G(k)-v, tuc la t6n tai mot diy hitu han cac budce
lay gioi han d6i dic trung tr v dé ditéiw, thiw
s€ nam trong ba(gogggg dbi dac trung cua G(k)-v

,thic we G(k)-v . Hai két qua nay cho thiy
réng, quan hé n -accessible khong chi phan anh
mot qua trinh dich chuyén béng ddi dac trung, ma
con gitp ta hiéu céu trac cta bao dong ddi dic
trung theo mot cach ty nhién hon.

2.3.3. Ung dung trong ly thuyét bit bién hinh
hoc. Ly thuyét bat bién hinh hoc (Geometric
Invariant Theory - GIT) cung cip cac cong cu
nén tang dé nghién ctru cic quy dao ctia nhom
tac dong lén khong gian affine V . Cac tng dung
chinh ciia Iy thuyét n-accessible xoay quanh viéc
xac dinh quy dao G(k) -dong va viéc mo rong
dinh ly Hilbert-Mumford trong truong hop hiru
ti. Trong vi¢c xac dinh quy dao G(k) -dong,
khai niém n -accessible dong vai tro quan trong
trong viéc kiém ching su ton tai cia quy dao
G(k) -dong dbi dic trung. Viéc st dung ddi dic
trung A €Y, (G) cho phép xac dinh bao dong
ddi dic trung cia mot quy dao thong qua viéc
xét cac phép lay gidi han. Cu thé, néu veV va
A €Y, (G), thi gidi han llml(a) v xdc dinh mot
diém weV sao cho we G(k)-v néu quy dao
G(k)-v la n-accessible den w . Nhu vay, khai
niém n-accessible cung cap mot phuong phap
hiéu qua dé kiém tra xem lidu mot diém cho trudc
c6 thudc bao dong ddi dic trung ctia mot quy dao
cu thé hay khong, ma khong can phai khao sat
toan bd quy dao. Pinh 1y Hilbert-Mumford ¢
dién khang dinh rang, d6i voi bat ky diém velV

, ton tai mot d6i dic trung A e Y(G) sao cho gioi
han limA(a)-v 1a mot diém 6n dinh theo nghia
hinh hoc trong khong gian xa anh. Trong bai bao
BHMR, dinh 1y nay dugc mé rong cho truong hop
hitu ti, tire 1a khi truong co s¢  khong phai 1a dai
s6 dong. Cy thé, v6i moi diém veV | ton tai mot
dé6i dac trung A € Y,(G) sao cho hmxl(a) v nam
trong quy dao G(k) -dong ddi dac’ trung Viéc mo
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rong nay cung cdp mot phuong phap dé kiém
chung tinh G-hoan toan kha quy ( G-complete
reducibility) thong qua viéc nghién ctru cac phép
ldy giéi han dbi dac trung. Viéc st dung khai
niém n-accessible cling mang lai mot phuong
phap quan trong trong viéc xac dinh cac quy dao
G(k)-dong dbi dac trung trong khong gian affine
V. Thong qua dinh 1y Rational Hilbert-Mumford
va khai niém n-accessible, nguoi ta ¢ thé phan
tich mdi quan hé giira cac quy dao G(k)-dong va
cac quy dao G -dong trong khong gian do.

2.3.4. Ung dung trong Iy thuyét nhém reductive

a. Mbi quan hé gitra G -dong va G(k) -dong.
Khai niém n-accessible cho phép md rong viée
nghién ctru tur cac quy dao G -dong sang cac quy
dao G(k)-dong trong trudong hop trudng co sé
k khong dai s6 dong. Mot quy dao G(k) -dong
khong nhat thiét 1a G -déng va nguoc lai. Viéce sir
dung cac ddi dic trung A€V, (G) cung voi gioi
han lim A(a)-v gip xdc dlnh diéu kién dé mot
quy dao G(k) -dong nam trong quy dao G -dong,
tor d6 mo td moi quan hé gitra hai loai quy dao
trong khong gian affine.

b. Nghién ctru nhom con parabolic va Levi.
Trong viéc phan tich cu tric nhém con cia G,
khai niém G -hoan toan kha quy cho phép nhan
dién cac nhém con nam trong Levi cua mdt nhom
con parabolic phu hgp. Pinh ly Hilbert-Mumford
htru ti cho biét v6i he H" va A€Y,(G) , néu
11m/1(a) h ton tai va quy dao G(k)-h 1a dong
4687 dac trung, thi nhém con H la G -hoan toan
kha quy trén k . Viéc nay cho thiy vai tro cia doi
dac trung trong viéc phan loai cac nhdm con ctua
nhom reductive.

III. KET LUAN

Trong bai bao, tac gia da trinh bay khai niém
n-accessible trong ngit canh cua 1y thuyét bat bién
hinh hoc va 1y thuyét nhom reductive. Thong qua
viéc ap dung Iy thuyét tinh dong ddi dac trung va
dinh 1y Hilbert—-Mumford hiru ti, tdc giad da phat
trién mot cach tiép can méi dé nghién ctru tinh
chat cua cac quy dao G(k) -dong va mdi quan hé
gifta cac quy dao nay véi bao dong dbi didc trung.
Tac gia da khao sat cac nhom con quan trong cua
G , bao gdbm nhom con parabolic, nhém con Levi
va nhom con umpotent thong qua VICC su dung
dbi dac trung A . Bleu nay cung cap mot cach
nhin tryc quan va téng quat hon vé cdu tric cua
cac quy dao trong khong gian affine.

Mot trong nhimng két qua quan trong dugc trinh
bay cua bai tham luan 13 si khang dinh rang, moi
quy dao G(k) -dong dbi dic trung déu ton tai
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duy nhét trong bao dong ddi dic trung ciia mot
quy dao bat ky. Hon nira, khai niém n-accessible
dd chimg minh duoc rang, mic du c6 mdi quan
hé chit ch@ vi bao dong ddi dic trung, nd khong
nhat thiét c6 tinh chat bic cau. Piéu nay da duoc
minh hoa thong qua cac vi du cu thé v6i nhom
GL,(k) va SL, (k) . Thong qua viéc ap dung
dinh ly Hilbert-Mumford hiru ti, tic gia da chi ra

cach kiém tra tinh G-hoan toan kha quy cta mot
nhoém con, cling nhu xac dinh diéu kién dé mot
quy dao G(k) -dong tré thanh G-dong.

Tdong hop lai, bai tham luan nay chii yéu hudng
dén muc tiéu 1am rd khai niém n-accessible, trinh
bay cac két qua quan trong lién quan dén bao dong
d6i dac trung, va chi ra cac ing dung cua 1y thuyét
nay trong 1y thuyét bat bién hinh hoc.
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